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Abstract
Quantum fluctuations of spacetime give rise to quantum foam, and black hole physics dictates that the foam is of holographic type. Applied to
cosmology, the holographic model requires the existence of dark energy which, we argue, is composed of an enormous number of inert “particles”
of extremely long wavelength. These “particles” necessarily obey infinite statistics in which all representations of the particle permutation group
can occur. For every boson or fermion in the present observable universe there could be ∼ 1031 such “particles”. We also discuss the compatibility
between the holographic principle and infinite statistics.
© 2007 Elsevier B.V.
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Open access under CC BY license.1. Introduction
According to folklore, there are two kinds of statistics:
Fermi–Dirac statistics for identical particles of half-integral
spin and Bose–Einstein statistics for identical particles of in-
tegral spin. (There are also generalizations of these statistics
known as para-Fermi and para-Bose statistics [1].) But it is
far less well known that there is a third kind of particle sta-
tistics, known as infinite statistics [2–4], that is consistent with
the general principles of quantum field theory. A collection of
particles obeying infinite statistics can be in any representation
of the particle permutation group: compare this with the rule
that fermions (bosons) can only be in a totally antisymmetric
(symmetric) state. While there are plenty of examples of fermi-
ons and bosons, there is no empirical evidence for particles of
infinite statistics—until now perhaps. In this Letter, we will ar-
gue that actually infinite statistics should be the most familiar
kind of statistics. For every observed fermion or boson (not in-
cluding the degrees of freedom behind black hole horizons, the
entropy of gravitons and dark matter), there could be as many
as ∼ 1031 “particles” obeying infinite statistics in the observ-
able universe in the present cosmic era.
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the so-called holographic model of spacetime foam. The outline
of this Letter is as follows. In Section 2, partly for complete-
ness, we explain the logic behind the holographic quantum
foam. In Section 3, we show that the holographic model, ap-
plied to cosmology, predicts that the cosmic energy is of critical
density, and the cosmic entropy is the maximum allowed by
the holographic principle. We also discuss the random-walk
model which predicts a coarser spatial resolution in the map-
ping of spacetime geometry than the holographic model. Exist-
ing archived data on quasars from the Hubble Space Telescope
can be used to rule out the random-walk model the demise of
which, coupled with the fact (see below) that ordinary mat-
ter composed of fermions and/or bosons maps out spacetime
only to the accuracy corresponding to the random-walk model,
can be used to infer the existence of unconventional energy
and/or matter (independent of recent cosmological observa-
tions). The main part of our argument is given in Section 4:
there we show that, in the framework of holographic foam
cosmology, positivity of entropy requires the “particles” (or
bits) constituting dark energy to obey infinite statistics; we
also discuss the compatibility between the holographic prin-
ciple and infinite statistics. We address some issues facing
holographic foam cosmology and give a summary in the final
section.
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Conceivably spacetime, like everything else, is subject to
quantum fluctuations. As a result, spacetime is “foamy” at small
scales, [5] giving rise to a microscopic structure of spacetime
known as quantum foam, also known as spacetime foam, and
entailing an intrinsic limitation δl to the accuracy with which
one can measure a distance l. In principle, δl can depend on
both l and the Planck length lP =
√
h¯G/c3, the intrinsic scale in
quantum gravity, and hence can be written as δl  l1−αlαP ,1 with
α ∼ 1 parametrizing the various spacetime foam models. (For
related effects of quantum fluctuations of spacetime geometry,
see Ref. [6].) In what follows, we will advocate the so-called
holographic model corresponding to α = 2/3, but we will also
consider the (random-walk) model with α = 1/2 for compari-
son.
Let us first derive the holographic model [7] by using an
argument based on quantum computation [8]. Since quantum
fluctuations of spacetime manifest themselves in the form of
uncertainties in the geometry of spacetime, the structure of
spacetime foam can be inferred from the accuracy with which
we can measure that geometry. Let us consider a spherical vol-
ume of radius l over the amount of time T = 2l/c it takes
light to cross the volume. One way to map out the geome-
try of this spacetime region is to fill the space with clocks,
exchanging signals with other clocks and measuring the sig-
nals’ times of arrival. This process of mapping the geometry
is a sort of computation2; hence the total number of opera-
tions (the ticking of the clocks and the measurement of sig-
nals, etc.) is bounded by the Margolus–Levitin theorem [9] in
quantum computation, which stipulates that the rate of oper-
ations for any computer cannot exceed the amount of energy
E that is available for computation divided by πh¯/2. A total
mass M of clocks then yields, via the Margolus–Levitin the-
orem, the bound on the total number of operations given by
(2Mc2/πh¯) × 2l/c. But to prevent the clocks from collaps-
ing into a black hole, M must be less than lc2/2G. Together,
these two limits imply that the total number of operations that
can occur in a spatial volume of radius l for a time period 2l/c
is no greater than ∼ (l/ lP )2. (Here and henceforth we neglect
numerical factors of order unity, set c = 1 = h¯ and will also
set the Boltzmann constant equal to 1.) To maximize spatial
resolution, each clock must tick only once during the entire
time period. The operations partition the spacetime volume into
“cells”, and, on the average, each cell occupies a spatial volume
no less than ∼ l3/(l2/l2P ) = ll2P , yielding an average separation
between neighboring cells no less than l1/3l2/3P . This spatial
separation is a measure of the uncertainty in the geometry of
the spacetime volume, and hence can be interpreted as yield-
1 We find it reasonable and consistent to assume that δl depends on only l
and lP .
2 Later, we will extend this process of mapping the geometry to the entire
universe. For the readers who find the idea of treating the universe as a com-
puter unpalatable, we should mention that there are other ways to derive the
holographic model; see Ref. [7].ing an average minimum uncertainty3 in the measurement of
a distance l given by δl  l1/3l2/3P .
Parenthetically we can now understand why this quantum
foam model has come to be known as the holographic model.
Since, on the average, each cell occupies a spatial volume
of ll2P , a spatial region of size l can contain no more than
l3/(ll2P ) = (l/ lP )2 cells. Thus this model corresponds to the
case of maximum number of bits of information l2/l2P in a
spatial region of size l, that is allowed by the holographic prin-
ciple [11].
It will prove to be useful to compare the holographic model
in the mapping of the geometry of spacetime with the one that
corresponds to spreading the spacetime cells uniformly in both
space and time. For the latter case, each cell has the size of
(l2l2P )
1/4 = l1/2l1/2P both spatially and temporally so that each
clock ticks once in the time it takes to communicate with a
neighboring clock. Since the dependence on l1/2 is the hallmark
of a random-walk fluctuation, this quantum foam model corre-
sponding to δl  (llP )1/2 is called the random-walk model [12].
Compared to the holographic model, the random-walk model
predicts a coarser spatial resolution, i.e., a larger distance fluc-
tuation, in the mapping of spacetime geometry. It also yields a
smaller bound on the information content in a spatial region,
viz., (l/ lp)2/(l/ lP )1/2 = (l2/l2P )3/4 = (l/ lP )3/2 bits.
One remark is in order. The minimum δl just found for the
holographic model corresponds to the case of maximum energy
density ρ ∼ (llP )−2 for the region not to collapse into a black
hole. Hence the holographic model, in contrast to the random-
walk model4 and other models, requires, for its consistency, the
energy density to have the critical value.
3. Dark energy/matter
The Planck length lP ∼ 10−33 cm is so short that we need an
astronomical (even cosmological) distance l for its fluctuation
δl to be detectable. Let us consider light (with wavelength λ)
from distant quasars or bright active galactic nuclei [13,14].
Due to quantum fluctuations of spacetime, the wavefront, while
planar, is itself “foamy”, having random fluctuations in phase
[14] given by φ ∼ 2πδl/λ as well as in the direction5 of the
wave vector [15] given by φ/2π . In effect, spacetime foam
creates a “seeing disk” whose angular diameter is ∼ φ/2π .
For an interferometer with baseline length D, this means that
dispersion will be seen as a spread in the angular size of a dis-
tant point source, causing a reduction in the fringe visibility
when φ/2π ∼ λ/D.
Now we can use existing archived high-resolution data on
quasars or ultra-bright active galactic nuclei from the Hubble
Space Telescope to test the quantum foam models. [15] Con-
3 Note that this result is not inconsistent with that found in [10].
4 The random-walk model (corresponding to δl  (llP )1/2) does not require
the maximum energy density because the clocks can tick less frequently than
once in the amount of time (llP )1/2.
5 For this result, we assume comparable fluctuations in both the longitudinal
and transverse components of the wave vector due to spatial isotropy.
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redshift is z = 0.2467. With l ≈ 1.2 Gpc and λ = 1.6 µm, we
[14] find φ ∼ 10 × 2π and 10−9 × 2π for the random-walk
model and the holographic model of spacetime foam respec-
tively. With D = 2.4 m for HST, we expect to detect halos if
φ ∼ 10−6 × 2π . Thus, the HST image only fails to test the
holographic model by approximately 3 orders of magnitude.
However, the absence of a spacetime foam induced halo
structure in the HST image of PKS1413+135 rules out con-
vincingly the random-walk model. (In fact, the scaling rela-
tion discussed above indicates that all spacetime foam mod-
els with α  0.6 are ruled out by this HST observation.) This
result has profound implications for cosmology [8,15,17]. To
wit, from the observed cosmic critical density in the present
era (consistent with the prediction of the cosmology inspired
by the holographic model of quantum foam) we deduce that
ρ ∼ H 20 /G ∼ (RH lP )−2, where H0 and RH are the present
Hubble parameter and Hubble radius of the observable universe
respectively. Treating the whole universe as a computer [8,18],
one can apply the Margolus–Levitin theorem to conclude that
the universe6 computes at a rate ν up to ρR3H ∼ RH l−2P for a
total of (RH/lP )2 operations during its lifetime so far. If all the
information of this huge computer is stored in ordinary matter,
we can apply standard methods of statistical mechanics to find
that the total number I of bits is (R2H/l2P )3/4 = (RH/lP )3/2 ∼
1092. Then each bit flips once in the amount of time given by
I/ν ∼ (RH lP )1/2. On the other hand, the average separation of
neighboring bits is (R3H/I)1/3 ∼ (RH lP )1/2. Hence, the time
to communicate with neighboring bits is equal to the time for
each bit to flip once. It follows that the accuracy to which or-
dinary matter maps out the geometry of spacetime corresponds
exactly to the case of events spread out uniformly in space and
time discussed above for the case of the random-walk model of
spacetime foam. In other words, ordinary matter only contains
an amount of information dense enough to map out spacetime
at a level consistent with the random-walk model. Observa-
tionally ruling out the random-walk model suggests that there
must be other kinds of matter/energy with which the universe
can map out its spacetime geometry to a finer spatial accu-
racy than is possible with the use of conventional matter. This
line of reasoning then strongly hints at the existence of dark
energy/matter, independent of the evidence from recent cosmo-
logical observations [19].
Moreover, the fact that our universe is observed to be at
or very close to its critical energy density ρ ∼ (H/lP )2 ∼
(RH lP )
−2 must be taken as solid albeit indirect evidence in
favor of the holographic model [20] because, as aforemen-
tioned, this model is the only model that requires the energy
density to have the critical value. The holographic model also
predicts a huge number of degrees of freedom for the uni-
verse in the present era, with the cosmic entropy given by [17]
I ∼ (RH/lP )2 ∼ 10123. Hence the average energy carried by
6 Note that the total energy of the universe is increasing; this is due to the fact
that total amount of energy/matter within the horizon is growing with time, as
more energy/matter enter the horizon.each bit or “particle” is ρR3H/I ∼ R−1H . It is now natural to
identify these “particles” of unconventional energy/matter of
extremely long wavelength as constituents of dark energy. Since
altogether ∼ (RH/lP )2 operations have been performed with
∼ (RH/lP )2 bits, we note, for later discussion, that the over-
whelming majority of the bits have had time to flip only of order
one time over the course of cosmic history. In other words, each
“particle” has had only of order one interaction. The inertness
of these “particles” may explain why dark energy is dark.
4. Infinite statistics
What is the overriding difference between conventional mat-
ter and unconventional energy/matter (i.e., dark energy and
perhaps also dark matter)? To find that out, let us first con-
sider a perfect gas of N particles obeying Boltzmann statis-
tics (which, rigorously speaking, is not a physical statistics
but is still a useful statistics to work with) at temperature T
in a volume V . For the problem7 at hand, we take V ∼ R3H ,
T ∼ R−1H , and very roughly N ∼ (RH/lP )2. A standard cal-
culation (for the relativistic case) yields the partition function
ZN = (N !)−1(V/λ3)N , where λ = (π)2/3/T . With the free en-
ergy given by F = −T lnZN = −NT [ln(V/Nλ3)+1], we get,
for the entropy of the system,
(1)S = −(∂F/∂T )V,N = N
[
ln
(
V/Nλ3
)+ 5/2].
For the non-relativistic case with the effective mass m ∼ R−1H
(coming from some sort of potential with which we are not
going to concern ourselves), the only changes in the above ex-
pressions are given by the substitution λ → (2π/mT )1/2. With
m ∼ T ∼ R−1H , there is no significant qualitative difference be-
tween the non-relativistic and relativistic cases.
The important point to note is that, since V ∼ λ3, the en-
tropy S in Eq. (1) becomes nonsensically negative unless N ∼ 1
which is equally nonsensical because N should not be too dif-
ferent from (RH/lP )2  1. Intentionally we have calculated
the entropy by employing the familiar Boltzmann statistics
(with the correct Boltzmann counting factor), only to arrive at a
contradictory result. But now the solution to this contradiction
is pretty obvious: the N inside the log in Eq. (1) somehow must
be absent. Then S ∼ N ∼ (RH/lP )2 without N being small (of
order 1) and S is non-negative as physically required. That is
the case if the “particles” are distinguishable and nonidentical!
For in that case, the Gibbs 1/N ! factor is absent from the parti-
tion function ZN , and the entropy becomes
(2)S = N[ln(V/λ3)+ 3/2].
We can add that, with or without the Gibbs factor, the internal
energy is given by U = F + T S = (3/2)NT .
7 As the lowest-order approximation, let us neglect the contributions from
matter to the cosmic energy density. Then it can be shown that the Friedmann
equations for ρ ∼ H 2/G are solved by H ∝ 1/a and a ∝ t with pressure p ∼
−ρ/3, where a(t) is the cosmic scale factor.
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space dimensions without the Gibbs factor8 is infinite statistics
(sometimes called “quantum Boltzmann statistics”) [2–4]. Thus
we have shown that the “particles” constituting dark energy
obey infinite statistics, instead of the familiar Fermi or Bose sta-
tistics. What is infinite statistics? Succinctly, a Fock realization
of infinite statistics is provided by a q deformation of the com-
mutation relations of the oscillators: aka†l − qa†l ak = δkl with
q between −1 and 1 (the case q = ±1 corresponds to bosons
or fermions). States are built by acting on a vacuum which is
annihilated by ak . Two states obtained by acting with the N os-
cillators in different orders are orthogonal. It follows that the
states may be in any representation of the permutation group.
The statistical mechanics of particles obeying infinite statistics
can be obtained in a way similar to Boltzmann statistics, with
the crucial difference that the Gibbs 1/N ! factor is absent for
the former. Infinite statistics can be thought of as correspond-
ing to the statistics of identical particles with an infinite number
of internal degrees of freedom, which is equivalent to the statis-
tics of nonidentical particles since they are distinguishable by
their internal states.
Infinite statistics appears to have one “defect”: a theory
of particles obeying infinite statistics cannot be local [4,21].
The expressions for the number operator, Hamiltonian, etc.,
are both nonlocal and nonpolynomial in the field operators.
The lack of locality may make it difficult to formulate a
relativistic version of the theory; but it appears that a non-
relativistic theory can be developed. Lacking locality also
means that the familiar spin-statistics relation is no longer valid
for particles obeying infinite statistics; hence they can have
any spin. Remarkably, the TCP theorem and cluster decom-
position have been shown to hold despite the lack of local-
ity [4].
Actually the lack of locality for theories of infinite statis-
tics may have a silver lining. According to the holographic
principle, the number of degrees of freedom in a region of
space is bounded not by the volume but by the surrounding
surface. This suggests that the physical degrees of freedom
are not independent but, considered at the Planck scale, they
must be infinitely correlated, with the result that the space-
time location of an event may lose its invariant significance.
Since the holographic principle is believed to be an impor-
tant ingredient in the formulation of quantum gravity, the lack
of locality for theories of infinite statistics may not be a de-
fect; it can actually be a virtue. Perhaps it is this lack of
locality that makes it easier to incorporate gravitational in-
teractions in the theory. Quantum gravity and infinite statis-
tics appear to fit together nicely. This may be the reason why
(charged, extremal) black holes appear to obey infinite sta-
tistics [22]. Indirectly this may also explain why the holo-
graphic foam model has use for infinite statistics as we have
just shown.
8 Recall that the Fermi statistics and Bose statistics give similar results as the
conventional Boltzmann statistics at high temperature.5. Discussion
We have considered a perfect gas consisting of “particles” of
extremely long wavelength, obeying Boltzmann statistics (first
in the conventional, then in the quantum version) in the Uni-
verse at temperature T . But we have seen that those “particles”
have had interactions only of order one time on the average
during the entire cosmic history. A question can be raised as to
whether such an inert gas can come to thermal equilibrium at
any well defined temperature. We do not have a good answer;
but the fact that all these “particles”, though extremely inert,
have a wavelength comparable to the observable Hubble radius
may mean that they overlap significantly,9 and accordingly can
perhaps share a common temperature.
Another question concerns the sign of the pressure for this
gas and whether it is sufficiently negative to accelerate the
expansion of the present Universe as has been observed. In-
deed the pressure for such a gas can be easily shown to be
P = (2/3)U/V and is blatantly positive. But this calculation
is based on the simplifying assumption that the gas is perfect.
Such a treatment may be sufficient for estimating the entropy,
but it is obviously inadequate to give the correct pressure. After
all, as shown above, each “particle” has an energy comparable
to R−1H . Such long-wavelength bits or “particles” carry negli-
gible kinetic energy. Since pressure (energy density) is given
by kinetic energy minus (plus) potential energy, a negligible
kinetic energy means that the pressure of the unconventional
energy/matter is roughly minus its energy density, plausibly
leading to accelerating cosmic expansion.10 This scenario is
very similar to that of quintessence [24], but it has its origin in
local small scale physics—specifically, the holographic quan-
tum foam!
Finally, is there any useful phenomenology that we can pre-
dict or use to explicitly check whether dark energy (and perhaps
even dark matter) is composed of particles obeying infinite sta-
tistics? Since all those “particles” are so inert, we do not foresee
any useful desktop experiments forthcoming soon that can shed
light on the phenomenology of dark energy, a safer bet would
be on cosmological observations (e.g., in connection with the
scale-invariance of density fluctuations [25]). Further study is
warranted.
9 Thus these “particles” provide a spatially uniform energy density, like a
time-dependent cosmological constant. But in a way, this type of models is
preferable to the cosmological constant because it may be easier to understand a
zero cosmological constant (perhaps due to a certain not-yet-known symmetry)
than an exceedingly small (but non-zero) cosmological constant. We also find
it amusing to recall that earlier cosmic epochs are associated with ρ ∝ a−4
(radiation-dominated) and (followed by) ρ ∝ a−3 (matter-dominated). If the
holographic foam cosmology is correct, these epochs are now succeeded by the
dark-energy-dominated era with ρ ∝ a−2.
10 As noted above, for cosmic energy density ρ ∼ H 2/G, the equation of state
is given by p ∼ −ρ/3. To have p ∼ −ρ, one may need to take into account,
for instance, the interactions between dark energy and matter. See, e.g., [23]. At
this point, we simply assume that the full dynamics can generate a sufficiently
negative pressure to yield accelerating cosmic expansion as observed. It is also
possible that the thermodynamics of infinite statistics is more complicated than
we realize. Further study is warranted.
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(1) the cosmic energy density takes on the critical value,
(2) dark energy/matter exists, and (3) the cosmic entropy is the
maximum allowed by the holographic principle. This scenario
may lead to cosmic accelerating expansion in the present cos-
mic era, and interestingly it suggests that dark energy is com-
posed of ∼ 10123 extremely cold, inert, and long-wavelength
“particles”. Furthermore we have shown that these “particles”
necessarily obey infinite statistics. By a staggering factor of
∼ 10123−92 = 1031, these “particles” appear to far outnumber
particles of the familiar Bose and Fermi statistics that we are
all made of. Indeed we may be quite insignificant in the cosmic
grand scheme. This is a most humbling realization.
Note added
After this work was posted on the arXiv (gr-qc/0703096), we learned of
a recent paper [26] on a similar subject. In the framework of M-theory, the
authors of Ref. [26] argue that dark energy has a fine structure compatible with
infinite statistics. We also learned of another recent paper [27] in which, in the
framework of loop quantum gravity, the authors derive, from first principles,
the fundamental limits on the measurements of space and time and the ultimate
limits of computability, and they also show the consistency of these limits with
holography. Their work supports the various arguments and results found in
Refs. [7] and [8] and presented in this Letter.
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